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Model Satisfaction: Exercises (7.1)

s ⊨ 𝛟 ⇔ all π starting at s, π ⊨ 𝛟

Exercise: What if we change the LHS to s2?

s0 ⊨ p U r

s0 ⊨ p W r

s0 ⊨ r R p
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Solution to Part (d)

We first calculate the wp for the loop body to maintain the LI:

wp(if(input[i] > result) { result := input[i] }; i := i + 1;, 8j • j 2 1 .. i� 1 ) 1  j ^ j  Len(input) ^ result � input[j] )

= {wp rule for sequential composition }

wp(if(input[i] > result) { result := input[i] }, wp(i := i + 1, 8j • j 2 1 .. i� 1 ) 1  j ^ j  Len(input) ^ result � input[j] ) )

= {wp rule for assignment}
wp(if(input[i] > result) { result := input[i] }, 8j • j 2 1 .. i ) 1  j ^ j  Len(input) ^ result � input[j] )

= {wp rule for conditional}
input[i] > result ) wp(result := input[i], 8j • j 2 1 .. i ) 1  j ^ j  Len(input) ^ result � input[j] )

^
input[i]  result ) wp(result := result, 8j • j 2 1 .. i ) 1  j ^ j  Len(input) ^ result � input[j] )

= {wp rule for assignment, twice}
input[i] > result ) (8j • j 2 1 .. i ) 1  j ^ j  Len(input) ^ input[i] � input[j])
^
input[i]  result ) (8j • j 2 1 .. i ) 1  j ^ j  Len(input) ^ result � input[j])

We then prove that the precondition (i.e., Stay Condition ^ LI) is no weaker than the above calculated wp:
• To prove the left conjunct:

i  Len(input) ^ ( 8j • j 2 1 .. i - 1 ) 1  j ^ j  Len(input) ^ result � input[j] ) )
input[i] > result ) 8j • j 2 1 .. i ) 1  j ^ j  Len(input) ^ input[i] � input[j]

⌘ { Shunting: p ) (q ) r) ⌘ (p ^ q) ) r }
i  Len(input) ^ ( 8j • j 2 1 .. i - 1 ) 1  j ^ j  Len(input) ^ result � input[j] ) ^ input[i] > result )

8j • j 2 1 .. i ) 1  j ^ j  Len(input) ^ input[i] � input[j]

Proof via Assuming the Antecedent:

8j • j 2 1 .. i ) 1  j ^ j  Len(input) ^ input[i] � input[j]

⌘ {split range: 8j • j 2 1 .. i ) P (j) ⌘ (8j • j 2 1 .. i� 1 ) P (j)) ^ P (i)}
(8j • j 2 1 .. i - 1 ) 1  j ^ j  Len(input) ^ input[i] � input[j]) ^ (1  i ^ i  Len(input) ^ input[i] � input[i])

⌘ {antecedent: input[i] > result; and RHS of precond: 8j • j 2 1 .. i� 1 ) 1  j ^ j  Len(input) ^ result � input[j]}
true ^ (1  i ^ i  Len(input) ^ input[i] � input[i])

⌘ {LHS of precond: i  Len(input) and input[i] � input[i] ⌘ true}
true

• (Exercise) To prove the right conjunct:

i  Len(input) ^ ( 8j • j 2 1 .. i - 1 ) 1  j ^ j  Len(input) ^ result � input[j] )
) input[i]  result ) 8j • j 2 1 .. i ) 1  j ^ j  Len(input) ^ result � input[j]
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